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Static correlation error(SCE) inevitably emerges when a dissociation of a covalent bond is de-
scribed with a conventional denstiy-functional theory (DFT) for electrons. SCE gives rise to a
serious overshoot in the potential energy at the dissociation limit even in the simplest molecules.
The error is attributed to the basic framework of the approximate functional for the exchange
correlation energy Exc which refers only to local properties at coordinate r, namely, the electron
density n(r) and its derivatives. To solve the problem we developed a functional Eexc which uses
the energy electron distribution ne(ǫ) as a fundamental variable in DFT. ne(ǫ) is obtained by the
projection of the density n(r) onto an energy coordinate ǫ defined with the external potential of
interest. The functional was applied to the dissociations of single, double, and triple bonds in small
molecules showing reasonable agreements with the results given by a high level molecular orbitals
theory. We also applied the functional to the computation of the energy change associated with spin
depolarization and symmetrization in Carbon atom, which made an improvement over the conven-
tional functional. This work opens the way for development of tougher functional that necessitates
non-local properties of electrons such as kinetic energy functional.
I. THE STATIC CORRELATION ERROR IN
DENSITY FUNCTIONAL THEORY
The density-functional theory (DFT) offers a ver-
satile framework to study properties of interacting
many-particles systems such as liquids or electrons
in molecules or bulk materials[1, 2]. DFT owes its
success in physics to the simple treatments of the
complex correlations among the particles in terms of
their distribution functions. For instance free energy
change associated with an insertion of a solute into a
pure solvent can be formulated by a functional of the
distribution ρ of the solvent around the solute. In the
electronic structure calculations the electron density n
plays an essential role in describing the exchange and
correlation energies Exc of electrons. The key approach
common to these theories is to project the effect of the
particles correlations onto the 1-body potential given
as a functional of the distribution ρ or of the electron
density n. The construction of the functionals is, of
course, based on the statistical mechanics in the theory
of solutions and on the quantum mechanics in the DFT
for electrons.
The DFT for electrons, Kohn-Sham(KS) DFT[3] in
particular, has been extensively utilized in the field of
physics and chemistry. A vast amount of work has been
devoted to the foundation of the theoretical basis of the
DFT and the developments of the functionals as well as
their applications. Actually, KS-DFT has been estab-
lished as a reliable and efficient method in the electronic
structure calculation. However, the functionals for
KS-DFT still suffer from two major problems[4]. First,
in the approximate DFT functional, the self-interaction
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of an electron due to Coulomb interaction does not fully
cancel the exchange energy of itself, that is often referred
to as self-interaction error (SIE). Second, static correla-
tion error (SCE) gives rise to erroneous destabilization
in energy in describing the dissociation of a chemical
bond when spin-symmetry adapted wave functions are
used. Indeed, these errors seriously affect the energetics
even in the simplest molecules. In the dissociation of the
H2 molecule for instance, a GGA(generalized gradient
approximation)[2] level Exc functional overshoots the
potential energy at the dissociation by ∼ 50 kcal/mol[5].
The SCE arises more or less in stretching every covalent
bond. The major objective of the present Letter is to
develop a simple and efficacious functional to solve the
SCE problem on the basis of a new DFT paradigm
where the electron distribution on the energy coordinate
plays a role.
The mechanism underlying the emergence of SCE
can be elucidated in terms of the exchange hole model
used in the local density approximation (LDA)[2] which
constitutes the basis of the developments of all the Exc
functionals. The exchange hole in the homogeneous
electron gas (HEG) is in particular the most prevailing
hole model. Here, we consider the bond dissociation
of an H2 molecule for simplicity. When the bond is
infinitely stretched with the spin symmetry maintained,
the population of the electron with a spin σ on each
atom becomes half an electron. Hence, the hole depth
modeled by the LDA approach is also just half of the
exact exchange hole since the depth of the hole is equal
to the density nσ(r), which causes serious underestima-
tion in the exchange energy. One way to compensate
the error is to incorporate some fraction of the exchange
hole of the opposite spin into the total hole[5] although
there is no theoretical justification for the treatment.
2FIG. 1. Electron densities nσ(σ = α, β) of an H2 molecule at
the dissociation limit. The overlap of the electron densities of
independent H atoms (upper) and the density of the entan-
gled H atoms (lower). The shaded regions show the electron
distributions for spin α. The real numbers are fractional pop-
ulations with α spin. The coupling parameter λ represents
the gradual variation of the density from n0 to n1.
II. FORMULATION OF A FUNCTIONAL WITH
A DISTRIBUTION ON THE ENERGY
COORDINATE
To clarify the properties of the functional to be de-
veloped in this Letter we present in Fig. 1 the gradual
variation of the electron density with spin σ from a refer-
ence density n0 to n1 of the interacting system through a
coupling parameter λ(0 ≤ λ ≤ 1) for a hydrogen molecule
when the bond distance R is infinitely extended(R =∞).
n0 is merely the overlap of the electron densities with op-
posite spins for the independent H atoms placed at sites
HA and HB. n1 is the spin restricted density of the ‘en-
tangled’ H atoms. In the following we drop the spin
index for the sake of notational simplicity unless other-
wise stated. We also assume that the reference density n0
is given from the outset. It is apparent that the spatial
behavior of the electron density n1(r) completely differs
from that of n0(r). The target exchange-correlation en-
ergy Exc[n1] can be expressed in the form of coupling
parameter integration, thus,
Exc [n1] = Exc [n0] +
∫ 1
0
dλ
dE˜xc [nλ]
dλ
= Exc [n0] +
∫ 1
0
dλ
∫
dr
dnλ(r)
dλ
dE˜xc [nλ]
dnλ(r)
(1)
where Exc is a certain conventional functional and E˜xc
represents a functional specific to the evaluation of the
difference in the exchange-correlation energy from λ = 0
to 1. Of course, the integration in Eq. (1) should be
evaluated as zero when the exact exchange-correlation
functional Eexxc is employed(E˜xc = E
ex
xc). It is also impor-
tant to note that any intermediate density expressed as
nλ = (1−λ)n0+λn1 should also give the same result, i.e.
Exc[nλ] = Exc[n0] = Exc[n1] (0 < λ < 1). This imposes
a quite tough requirement on the functional E˜xc.
Here, we introduce the energy electron density ne(ǫ)[6]
by projecting the density n(r)
ne(ǫ) =
∫
dǫ n(r)δ(ǫ− υ(r)) (2)
where υ(r) is the external potential of interest used to
define the energy coordinate ǫ. Explicitly, υ(r) is given
by υ(r) =
∑
A ZA/ |r −RA|, where ZA and RA are
charge and position of nuclear A in the molecule. As was
proved in the previous work[6], there exists one-to-one
correspondence between a subset of the external poten-
tials and a subset of the energy electron distributions.
Further, a rigorous framework of the density functional
theory can be established almost in parallel to the con-
ventional DFT for electrons[6]. The advantage of using
FIG. 2. The spatial electron density nλ(r) of an H2
molecule(upper) and its projection neλ(ǫ) onto the energy co-
ordinate ǫ(lower left). At the dissociation limit neλ(ǫ) stays
constant with respect to the variation of λ (lower right).
the distribution ne(ǫ) is that neλ(ǫ) stays constant for an
arbitrary ǫ with respect to the variation of λ at R =∞.
Hereafter, we attach the superscript e on the functions
and functionals that are relevant to the energy coordinate
to avoid confusions. We replace the distribution nλ(r) in
the integrand by the corresponding energy electron den-
sity neλ(ǫ), which reads
Exc [n1] = Exc [n0] +
∫ 1
0
dλ
∫
dǫ
dneλ(ǫ)
dλ
dE˜exc [n
e
λ]
dneλ(ǫ)
(3)
Assuming the linear dependence of neλ(ǫ) on λ, we have
Exc [n1] =Exc [n0]
+
∫
dǫ (ne1(ǫ)− n
e
0(ǫ))
∫ 1
0
dλ υ˜exc [nλ](ǫ)
(4)
where υ˜exc [n
e
λ](ǫ) is the exchange-correlation potential
defined on the energy coordinate. Obviously, the inte-
gral in Eq. (4) becomes zero at the dissociation limit for
any choice of the approximate functional E˜exc [n
e] since
the relation ne1(ǫ) − n
e
0(ǫ) = 0 is fully satisfied. Even in
3a weakly interacting system it is anticipated that ne1 is
very close to ne0 and, hence, the integral is evaluated to
be a finite but small value. The energy electron distribu-
tion ne(ǫ) also provides a benefit in the evaluation of the
coupling parameter integration for υ˜exc [n
e
λ] . The weak
dependence of neλ on λ justifies the application of the lin-
ear response scheme in constructing υ˜exc[n
e
1](ǫ) from n
e
0,
υxc [n
e
1] (ǫ) =υxc [n
e
0] (ǫ)
+
∫
dǫ′
δυ˜exc [n
e
0] (ǫ)
δne0 (ǫ
′)
(ne1 (ǫ
′)− ne0 (ǫ
′))
(5)
Thus, the exchange-correlation potential υxc [n
e
1] can be
constructed only from the knowledge of the reference den-
sity ne0 and the response function at n
e
0. Equation (5)
allows us to determine υxc [n
e
1] as well as n
e
1 in a self-
consistent manner[6].
Now, we formulate a functional Exc[n1] provided that
the exact spin-restricted density n1 is given. Without the
coupling parameter, Exc[n1] in Eq. (3) can be merely ex-
pressed as
Exc [n1] = Exc [n0] + E˜
e
xc [n
e
1]− E˜
e
xc [n
e
0] (6)
We define in Eq. (6) the static correlation Esc as
Esc = Exc [n0] − E˜
e
xc [n
e
0] since E˜
e
xc [n
e
1] itself describes
the Exc energy of the system with the density n
e
1. As
discussed above Eq. (6) realizes Exc [n1] = Exc [n0] when
R = ∞ since ne1 = n
e
0 is ensured. In other words, Eq.
(6) works exactly when the corresponding exchange hole
is equally fragmented onto the two atomic sites. Im-
portantly, at the other limit where the two atomic sites
coincide(R = 0) Esc = 0 is attained under an appropriate
choice of E˜exc. However, in a system with an intermedi-
ately dissociated bond full inclusion of Esc gives rise to
an artificial lowering of Exc as demonstrated in Ref. 6.
A reasonable way to solve the problem is to attenu-
ate the energy Esc in the intermediate region according
to the hole delocalization. To this end we first rewrite
Eq. (6) equivalently in terms of the exchange-correlation
energy density Uxc,
Exc [n1] =
∫
dǫ Uexc [n
e
1] (ǫ)n
e
1(ǫ)
+
∫
dǫ
(
U˜xc [n0] (ǫ)− U˜
e
xc [n
e
0] (ǫ)
)
ne0(ǫ)
(7)
where Uexc(ǫ) is the exchange-correlation energy density
at ǫ and U˜xc [n0] (ǫ) is specifically the weighted average
of Uxc[n0](r) over the hypersurface with the energy co-
ordinate ǫ and defined as
U˜xc [n0] (ǫ) =
1
ne0(ǫ)
∫
Uxc [n0] (r)n0(r)δ (ǫ − υ(r)) dr
(8)
It is easy to see that
∫
dǫ U˜xc [n0] (ǫ)n
e
0(ǫ) = Exc [n0].
Then, we introduce a factor De(ǫ) as a function of the
energy coordinate ǫ. De(ǫ) measures the degree of the
fragmentation of the exchange hole over multiple sites.
Using the factor Eq. (7) is to be revised as
Exc [n1] =
∫
dǫ Uexc [n
e
1] (ǫ)n
e
1(ǫ)
+
∫
dǫF (De(ǫ))
(
U˜xc [n0] (ǫ)− U˜
e
xc [n
e
0] (ǫ)
)
ne0(ǫ)
(9)
where F is a function of De(ǫ). Equation (9) shows that
the static correlation Esc is incorporated into Exc ac-
cording to the weight F (De(ǫ)). F is supposed to be
a monotonically increasing function ranging from 0 to 1
and can be designed to realize Esc appropriately in the
intermediate region.
III. NUMERICAL IMPLEMENTATION OF THE
FUNCTIONAL
We implement a numerical functional Exc with the
form of Eq. (9) on the basis of the conventional DFT
functional. To this end, we adapt BLYP[7, 8] known
as a representative GGA functional to evaluate E˜exc in
terms of the energy electron density ne(ǫ). The vari-
ables G[n(r)] needed as arguments for the BLYP func-
tional, namely, n(r) itself and its derivatives (|∇n(r)|
and ∇2n(r)) are transformed to the corresponding quan-
tities Ge[ne(ǫ)] defined on the energy coordinate. Explic-
itly, Ge[ne(ǫ)] are obtained as the average of G[n(r)] over
the hypersurface with energy coordinate ǫ, thus,
Ge[ne(ǫ)] = Ω(ǫ)−1
∫
drG[n(r)]δ(ǫ− υ(r)) (10)
where Ω(ǫ) is the volume of the region with coordinate ǫ
and defined by
Ω(ǫ) =
∫
dr δ(ǫ− υ(r)) (11)
It is readily recognized that each quantity Ge[ne(ǫ)] has
the same dimension with the original variable G[n(r)].
Therefore, it is possible to substitute Ge[ne(ǫ)] for
G[n(r)] in adopting the conventional GGA. Of course,
this is not a unique way of developing the functional
for ne. However, it will be an instant but reasonable
approach to realize the functional based on the energy
coordinate. It should be stressed that E˜exc with the vari-
ables on the energy coordinate (Eqs. (10) and (11)) pro-
vides exactly the same results with the original GGA
functional in principle when it is applied to hydrogenic
atoms, i.e. spherically symmetric 1-electron systems, be-
cause G[n(r)] are constant over a contour surface with
an energy coordinate.
Evaluation of the delocalization factor De(ǫ) and the
determination of the correlation factor F in Eq. (9)
are the keys to the success of the application of the
present theory. In this work we utilize the generalized
Becke-Roussel(GBR)[5] exchange hole for the evaluation
4of De(ǫ). In the GBR approach the exchange hole at
a reference point r is modeled by the hole for a hydro-
genic atom. Explicitly, the hole function nGBRx (A, ζ, r) is
expressed by a Slater function,
nGBRx (A, ζ, r) = A exp(−ζr) (12)
where r is the distance between the reference point and
the center of the exchange hole. ζ is a positive real num-
ber and represents the width of the hole. In the original
BR approach[9] the factor A in Eq. (12) is determined as
a function of ζ to ensure that the hole population is nor-
malized to one. In contrast, in the GBR method the fac-
tor A is left as a flexible parameter which can accommo-
date the fragmentation of the exchange hole associated
with a bond dissociation. Explicitly, A is determined so
that the Coulomb potential of the hole given by Eq. (12)
realizes the exact exchange energy density U exactx (r) of
the real system
U exactx (r) =
1
2
∫
dr′
1
|r − r′|
nx (r, r
′) (13)
where nx (r, r
′) stands for the exchange hole associated
with r. In addition, we have two additional conditions
to obtain the other parameters (ζ, r), for which we refer
the readers to Ref. 5. It is known that the GBR param-
eters (A, ζ, r) can be uniquely determined for any given
reference point through a certain numerical approach. It
is, then, possible to define the projected hole localized at
a reference point r. The population PGBR(r) of the pro-
jected hole is evaluated as 8πA/ζ3. Obviously, PGBR(r)
is relevant to the degree of the fragmentation of the real
exchange hole. Actually, for an H2 molecule, it is antici-
pated that PGBR(r) becomes 0.5 when R→∞. Hence, a
natural choice of the delocalization factor D(r) in terms
of the GBR exchange hole model is to take
D(r) = Ns(1− P
GBR(r)) (14)
where Ns is the number of sites onto which the exchange
hole is to be fragmented and Ns = 2 is supposed for
the dissociation limit of a diatomic molecule. In more
general approach that can be applied to the multi-site
fragmentation it would be appropriate to take Ns as the
inverse of weighted average of PGBR(r), thus,
Ns =
(
1
N
∫
drPGBR(r)n(r)
)−1
(15)
where N is the number of electrons with the spin σ. The
delocalization factor De(ǫ) dependent on the energy co-
ordinate ǫ is merely obtained by the weighted average
over the isosurface with coordinate ǫ,
De(ǫ) = ne(ǫ)−1
∫
drD(r)n(r)δ(ǫ − υ(r)) (16)
which can be justified when D(r) is almost constant over
the isosurfaces of the external potential υ. In Fig. 3 D(r)
FIG. 3. The delocalization factor D(r) mapped onto the iso-
surfaces of the external potential ǫ = υ(r) for H2 molecule
with various bond distances R. Depicted isosurfaces are for
ǫ = 0.6, 0.8, and 1.2 au. The contours of ǫ on the molecular
plane are also drawn with the gray thin lines (ǫ = 0.4, 0.5,
0.7, 1.0, 1.2, 2.0, and 4.0 au).
is mapped with colors on the isosurfaces of the potential
υ for the various bond distances R of H2. It is shown
in the figure that D(r) increases with increasing bond
distance R as expected. At each bond distance it is also
found that D(r) tends to have relatively larger values
near the nuclei, that is, D(r) is large in the region where
the coordinate ǫ has larger values. It is also interesting
to note that D(r) is relatively smaller in the spatial re-
gion between the nuclei. The projection of Eq. (16) can
be justified when D(r) is almost constant over the iso-
surfaces of the external potential υ. When R is large, it
seems that D(r) is nearly constant on an isosurface. On
the other hand, for smaller R the constancy of D(r) is
not fulfilled on the isosurfaces with small υ in particu-
lar. However, D(r) itself stays small in the region where
both R and υ are small. Futhermore, the energy electron
density ne(ǫ) is also small on the smaller coordinate ǫ.
Therefore, the error due to Eq. (16) is supposed to be
small by consulting Eq. (9). In Fig. 3 number of sites
Ns given by Eq. (15) are also presented, which shows
Ns increases with increasing distance R as expected. In
principle, Ns becomes 1.0 and 2.0 when R = 0 and ∞,
respectively.
For the correlation function F (De(ǫ)) in Eq. (9), we
first tested the simplest model that F (De(ǫ)) = De(ǫ).
However, we found it underestimates Esc in the interme-
diate region of R as will be shown later. Thus, we intro-
duce upward-convex polynomial functions Fk(D
e(ǫ))
Fk(D
e(ǫ)) = 1− (1 −De(ǫ))k (k = 0, 1, · · · ) (17)
Specifically, F0 is identically zero and Fk asymptotically
goes to 1 when k → ∞. Thus, the series of the poly-
nomial functions Fk covers the full range of the corre-
lation strength. It is also important to note that the
relations Fk(0) = 0 and Fk(1) = 1 is guaranteed for
5any choice of k ≥ 1. In this work, the order k solely
serves as an adjustable parameter in the numerical im-
plementation of Eq. (9) besides those intrinsic to the
BLYP functional. Although k can be a real number, we
only consider a positive integer because a precise opti-
mization of the functional is not the major objective of
this work. 0 ≤ De(ǫ) ≤ 1 is supposed in principle for
diatomic system. However, in the case of the fragmenta-
tion of the hole into multiple sites De(ǫ) possibly becomes
larger than 1. Hence, Fk(x) = 1.0 (1 < x) has to be im-
posed on Fk(x)(k = 1, 2, · · · ).
For the numerical calculations we utilized ‘Vmol’
program[10–12] revised for the present development. The
program is based on the real-space grid approach[13, 14]
where the interaction between valence electrons and nu-
clei is represented with non-local pseudopotentials in the
Kleinman and Bylander separable form[15]. The charges
of the core electrons are summed to the nuclear charge
to evaluate the energy coordinate for the valence elec-
trons. The energy distribution functions ne(ǫ) is con-
structed for the densities on the discrete grid points.
To increase the sampling points we introduced a dou-
ble grid technique[16] where the density and its deriva-
tives on a dense grid are obtained through the 4th-order
polynomial interpolations of the values on the coarse
grids. The number of the double grids between the coarse
grids is set at Nden = 5. As was done in the previ-
ous paper[6], the axis for the energy coordinate ǫ was
uniformly descretized with Ne1 points in the lower en-
ergy region(ǫmin ≤ ǫ ≤ ǫcore), while N
e
2 points were uni-
formly placed in the log-scaled coordinate in the higher
energy region(ǫcore ≤ ǫ ≤ ǫmax). The explicit values for
(Ne1 , N
e
2 ) and (ǫmin, ǫcore, ǫmax) as well as the method to
discretize the energy coordinate are presented in ‘Supple-
mental Material’. The reference electron density n0 was
build with the LDA functional and the BLYP functional
was utilized in the functional of Eq. (9).
IV. RESULTS AND DISCUSSION
A. Bond Dissociations
We first applied Eq. (9) to the dissociation of an H2
molecule. Here, we leave the sole adjustable parameter
k in the correlation factor(Eq. (17)) undetermined. We
performed a series of calculations with various k values
including pure BLYP functional based on the conven-
tional DFT. As a reference we also carried out CCSD(T)
calculation by conducting ‘Gaussian 09’ program pack-
age, where aug-cc-pVQZ basis set was employed. The
results are shown in Fig. 4 where the graphs for Fk are
superposed. It is shown that the BLYP energy with the
static correlation (SC) using factor F1 does not fully re-
produce the dissociation limit though it provides a sig-
nificant improvement on the pure BLYP functional. The
larger correlation factors F3 and F5 almost successfully
realize the dissociation behavior though factor F5 rather
overestimates SC in the intermediate H−H distance. Ac-
tually, dissociation energies Ed are, respectively, com-
puted as 107.8 and 107.1 kcal/mol with these factors,
showing good agreements with the CCSD(T) calculation
(109.2 kcal/mol). Thus, we determined the parameter as
k = 3 in the following applications.
Next, we examined the dissociation of a double bond
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FIG. 4. Potential energy curves for dissociating H2 molecule.
The graphs for the correlation factors Fk of Eq. (17) as func-
tions of the delocalization factor De(ǫ)(Eq. (16)) are super-
posed.
in C2H4. To this end the bond length is gradually
increased with the geometry of the CH2 groups being
fixed at that of the equilibrium structure in ethene. In
stretching the bond we notice that an anti-bonding σ∗
orbital comes in the set of the low-lying Nval orbitals
in place of the π orbital, which causes numerical insta-
bilities in the potential energy(PE). To avoid such an
unfavorable situation the wave function obtained for a
C−C distance is used as the initial guess for the SCF
of the next ethene configuration created by a small in-
crement of the bond length. The results are presented
in Fig. 5 where the delocalization factor D(r) mapped
onto the isosurfaces of υ(r) are also shown in the inset.
It is noticeable that the use of the correlation factor F5
gives the dissociation energy of 180.4 kcal/mol showing a
good agreement with that given by UCCSD(T)/cc-pVQZ
calculation(184.7 kcal/mol). It is found, however, that
the use of the factor F3 fails to attain the dissociation
limit of F5 although the behavior of PE in the intermedi-
ate region is more favorable. This is simply because D(r)
is evaluated to be rather small even at R(C−C) = 7.5 a.u.
as shown in the inset. The population of the projected
hole by GBR approach is anticipated to be 0.5 on each
site at the dissociation limit. Such a situation is almost
realized in H2 as shown in Fig. 3. However, in other
systems the hole does not perform ideally as suggested
in Refs. 17 and 18. That is, the hole population tends
to be overestimated, which gives rise to the underestima-
tion of D(r) according to Eq. (14). As a consequence
the number of site Ns of Eq. (15) will also be underes-
timated. Actually, Ns is estimated to be only 1.124 at
6R(C−C) = 9.5 a.u. Thus, the major role of the correla-
tion factor Fk is to compensate the drawback. In other
words, another method to determine D(r) will possibly
improve the functional.
Another severe test was performed by studying the
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FIG. 5. Potential energy curves for the dissociating double
bond in C2H4. The delocalization factor D(r) is depicted in
the inset. The color assignment for D(r) is common to that
for Fig. 3. The contour surfaces of υ(r) are for 3.0, 4.0, 5.0,
and 7.0 a.u. and the contour lines are for 2.0, 2.5 a.u. All the
potential energy curves are shifted so that the energies of the
left ends of the graphs match that of ‘BLYP+SC with F5’.
dissociation of the triple bond in an N2 molecule. The re-
sults are shown in Fig. 6. As a reference the result given
by UCCSD(T)/cc-pVQZ calculation is also presented.
From the UCCSD(T) potential energy curve, dissociation
energy Ed is estimated to be 222.4 kcal/mol. In contrast,
the present calculations with factors F3 and F5 provide
Ed = 272.5 and 250.7 kcal/mol, respectively. Thus, it
is revealed that the present approach overestimates Ed
of the triple bond. It is also notable that our method
underestimates PE of the intermediate N−N distances.
As shown in the inset the values of D(r) are again esti-
mated to be rather small although they are larger than
those obtained for C2H4 at R(C−C) = 7.5 a.u. This may
cause the excess rise in the PE of the dissociating region.
However, it is quite curious that even the factor F5 could
not fully compensate the error as it performed nicely for
C2H4. Anyway, it was demonstrated that the present ap-
proach with F5 reduces Ed of the spin-restricted BLYP
by ∼ 136 kcal/mol, showing a better performance than
B13[17] and KP[18] functionals.
As a overall remark the functional of Eq. (9) is almost
successful in realizing the correct Ed of the various chem-
ical bonds. We found, however, the static correlations
for the intermediately dissociated bonds tend to be over-
estimated, which leads artificial lowering of the PE. The
error might be attributed to the underestimation of D(r)
even in the molecules with sufficiently stretched bonds.
Thus, a strong correlation factor F (ǫ) in Eq. (9) is needed
to compensate the drawback, which unexpectedly lowers
the exchange energies in the intermediate bond distances.
Sophistication of the method to evaluate D(r) would im-
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FIG. 6. Potential energy curves for the dissociating triple
bond in N2. The delocalization factor D(r) is depicted in the
inset. The color assignment for D(r) is common to that for
Fig. 3. The contour surfaces of υ(r) are for 3.0, 4.0, and 5.0
a.u. and the contour lines are for 2.0, 2.5, and 8.0 a.u. All the
potential energy curves are shifted so that the energies of the
left ends of the graphs match that of ‘BLYP+SC with F5’.
prove the overall behavior of PE.
B. Spin-depolarization and Symmetrization
It is proved in Ref. 19 that the exact functional Eexact
for the total energy satisfies the following relation,
Eexact [nmix] = E
υ
0 (N) (18)
where Eυ0 (N) is the ground state energy of the N elec-
trons subject to the external potential υ. nmix is the
linear combination of the g-degenerate ground state den-
sities {ni}(i = 1, 2, · · · , g) for υ,
nmix =
g∑
i=1
Cini (19)
with the normalization condition
∑g
i Ci = 1. It should
be noted that nmix is not υ-representable in general[20]
and assessing the realization of Eq. (18) in an ap-
proximate functional is known as a stringent test for
strong correlation[17]. To examine the performance
of the functional of Eq. (9) we construct nmix by
mixing the three degenerate densities(g = 3) of ground
state Carbon atom. We suppose that each density
ni is spin depolarized, that is, 2p-shell occupancies of
(2pxα)
0.5(2pyα)
0.5(2pzα)
0(2pxβ)
0.5(2pyβ)
0.5(2pzβ)
0 are
assumed in a component density. Then, a mixing param-
eter λ(0 ≤ λ ≤ 1) is introduced so that the three densities
give the equivalent contributions at λ = 1/2. Explicitly,
we adopt C1 = λ
q , C2 = (1 − λ)
q, C3 = 1 − C1 − C2
with q = ln 3ln 2 . Accordingly, the occupancy of each
p orbital is given as 12 (1 − C
λ
i ). It is readily recog-
nized that in the densities nλ=0,1mix two of the three p
7orbitals are individually occupied with an electron (0.5
electron with spin α and 0.5 electron with spin β on
each orbital), while the three orbitals have equivalent
occupancies at λ = 1/2. In Fig. 7 we provide the
energy difference ∆E(λ) between the total energy of
Carbon atom with the spin polarized density, namely
(2pxα)
1(2pyα)
1(2pzα)
0(2pxβ)
0(2pyβ)
0(2pzβ)
0 and the
energy E[nλmix] computed with Eq. (9). The exact
functional realizes ∆E(λ) = 0 irrespective of λ. In
applying Eq. (9) we adopt the energy density ne of
the supermolecule as the reference, which consists of
infinitely separated Carbon atoms with the spin polar-
ized densities. The result by the conventional BLYP
functional is also presented to make comparisons. The
Coulomb interaction J [nλmix] =
1
2
∫
drdr′
nλ
mix
(r)nλ
mix
(r′)
|r−r′|
is also shown where J [nλ=0mix ] = J [n
λ=1
mix ] is taken as the
standard.
The specific energy differences ∆E(0) or ∆E(1) show
the energy ∆Edepol due to the spin depolarization, while
∆E(1/2) subtracted by ∆Edepol is the energy ∆Esym due
to symmetrization, i.e. ∆Esym = ∆E(1/2) − ∆Edepol.
It is notable in the figure that ∆Edepol is estimated to
be almost 0 by BLYP+SC(Eq. (9)) with the correlation
factor F5 although use of the factor F3 slightly degrades
the energy. It was demonstrated that the functional
works nicely in computing the energy change ∆Edepol
associated with the spin-depolarization. On the other
hand, ∆Edepol given by the conventional GGA func-
tional(BLYP) becomes positively much larger (∼ 0.06
a.u.) due to the lack of the static correlation. As shown
in Fig. 7 the Coulomb interaction J [nλmix] decreases
with the increase in λ from 0 to 1/2 since the electron
density nλmix fully delocalizes at λ = 1/2 due to the
perfect symmetrization in space. ∆E(λ) of Eq. (9) with
the factor F5 unfavorably decreases along with J [n
λ
mix]
suggesting Eexc[n
λ
mix] itself stays almost constant. The
energy ∆E(λ) given by the factor F3 shows almost the
same tendency as F5. Although the values ∆E(1/2)
by F3 as well as F5 are much closer to 0 than that
computed with the BLYP functional, ∆Esym itself by
Eq. (9) is larger than that with the BLYP functional.
The constancy of ∆E(λ) with BLYP implies that the
decrease in J [nλmix] is perfectly compensated with the
increase in the Exc[n
λ
mix]. The problem in ∆Esym has
a relevance with the other error in DFT referred to as
self-interaction error(SIE) and should be considered in
the forthcoming issues.
V. CONCLUSION
We developed an electron density functional to com-
pute strong electron correlation referred to as static cor-
relation(SC) that emerges when a covalent bond is split.
In contrast to the conventional DFT the energy electron
distribution ne(ǫ) instead of n(r) plays a fundamental
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FIG. 7. Energy differences ∆E between total energies of the
spin restricted and unrestricted densities of Carbon atom are
shown as functions of the mixing parameter λ. The 2p orbitals
in Carbon atom are depicted as the set of three boxes, in
which α spins in the spin restricted density are represented
with upward bold arrows. The value on each box shows the
spin population dependent on the mixing parameter. It is
supposed that β spin (not shown) has the same population as
α on each orbital.
role in the functional development on the basis of the rig-
orous framework of DFT as discussed in Ref. 6. The key
feature of the new distribution is that neλ(ǫ) stays con-
stant with respect to the variation of parameter λ which
couples the spin polarized density with that for the en-
tangled state when the fragments are infinitely separated
in a homolytic dissociation.
A remarkable progress was made in the functional by
introducing the correlation factor as a function of the de-
gree De(ǫ) of delocalization of the exchange hole on the
coordinate ǫ. In the present work, De(ǫ) is obtained by
utilizing the generalized Becke-Roussel(GBR) machinery.
The functional was applied to the computation of the
splits of single, double and triple bonds. Namely, the dis-
sociations of the bonds in H2, C2H4, and N2 were stud-
ied. It was demonstrated that the dissociations of the
single and the double bonds are faithfully realized with
the correlation factor F5 showing reasonable agreements
with those obtained by sophisticated molecular orbital
theories. However, the dissociation energy was found to
be overestimated in N2 although substantially improved
as compared with the conventional GGA functional. The
source of the discrepancy might be attributed to the un-
derestimation in De(ǫ) by means of the GBR method.
The present functional was also applied to the computa-
tion of the energy change due to the spin depolarization
and symmetrization in Carbon atom, which showed a re-
markable improvement over the conventional one.
The present work suggests the possibility of a paradigm
for the electronic density functional based on the energy
coordinate ǫ. In the conventional DFT functional the
electronic correlation of an electron at r is solely deter-
mined by the local properties, namely, the electron den-
8sity and its derivatives at r. This condition will impose a
severe limitation on the applicability of functional. The
present DFT approach in terms of the energy electron
density offers a simple framework to overcome the prob-
lem due to the spatial locality intrinsic to the LDA-based
DFT. The development of the kinetic energy functional
is undoubtedly the toughest challenge in DFT, where in-
clusion of a non-local term is considered to be essential
as discussed in Ref. 21. The use of the energy coordinate
instead of r in DFT will serve a potential approach to a
kinetic energy functional.
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